Abstract. We find the E-polynomials of a family of parabolic Sp 2n -character varieties M ξ n of Riemann surfaces by constructing a stratification, proving that each stratum has polynomial count, applying a result of Katz regarding the counting functions, and finally adding up the resulting E-polynomials of the strata. To count the number of Fq-points of the strata, we invoke a formula due to Frobenius. Our calculation make use of a formula for the evaluation of characters on semisimple elements coming from Deligne-Lusztig theory, applied to the character theory of Sp(2n, Fq), and Möbius inversion on the poset of set-partitions. We compute the Euler characteristic of the M ξ n with these polynomials, and show they are connected.
Introduction
Let Σ g be a compact Riemann surface of genus g ≥ 0 and let G be a complex reductive group. The G-character variety of Σ g is defined as the moduli space of representations of π 1 (Σ g ) into G. Using the standard presentation of π 1 (Σ g ), we have the following description of this moduli space as an affine GIT quotient:
where [A : B] := ABA −1 B −1 and G acts by simultaneously conjugation. For complex linear groups G = GL(n, C), SL(n, C), the representations of π 1 (Σ g ) into G can be understood as G-local systems E → Σ g , hence defining a flat bundle E whose degree is zero.
For G = GL(n, C), SL(n, C), a natural generalization consists of allowing bundles E of non-zero degree d. In this case, one considers the space of the irreducible G-local systems on Σ g with prescribed cyclic holonomy around one puncture, which correspond to representations ρ : π 1 (Σ g \ {p 0 }) → G, where p 0 ∈ Σ g is a fixed point, and ρ(γ) = e 2πid n Id G , with γ a loop around p 0 , giving rise to the moduli space
n Id G //G.
The space M d B (G) is known in the literature as the Betti moduli space. These varieties have a very rich structure and they have been the object of study in a broad range of areas.
In his seminal work [Hi87] , after studying the dimensional reduction of the Yang-Mills equations from four to two dimensions, Hitchin introduced a family of completely integrable Hamiltonian systems. These equations are known as Hitchin's self-duality equations on a rank n and degree d bundle on the Riemann surface Σ g .
The moduli space of solutions comes equipped with a hyperkähler manifold structure on its smooth locus. This hyperkähler structure has two distinguished complex structures. One is analytically isomorphic to M Hitchin and Gothen computed the Poincaré polynomial for G = SL(2, C), SL(3, C) respectively in [Hi87] and [Go94] and their techniques have been improved to compute the compactly supported Hodge polynomials ( [GHS14] ). Recently, Schiffmann, Mozgovoy and Mellit computed the Betti numbers of M d Dol (G) for G = GL(n, C) respectively in [Sch14] , [MS14] and [Mel17] .
Hausel and Thaddeus ( [HT03] ) gave a new perspective for the topological study of these varieties giving the first non-trivial example of the Strominger-Yau-Zaslow Mirror Symmetry ( [SYZ96] ) using the so called Hitchin system ( [Hi87] ) for the Dolbeaut space. They conjectured also (and checked for G = SL(2, C), SL(3, C) using the results by Hitchin and Gothen) that a version of the topological mirror symmetry holds, i.e., some Hodge numbers h p,q of M being the mixed Hodge numbers with compact support of X ([De71], [De74] ). When the E-polynomial only depends on xy, we write E(X; q), meaning E(X; q) = H c (X; √ q, √ q, −1).
Hausel and Rodriguez-Villegas started the computation of the E-polynomials of G-character varieties for G = GL(n, C), PGL(n, C) using arithmetic methods inspired on Weil conjectures. In [HRV08] they obtained the E-polynomials of C j = Id G , C j ∈ C j , j = 1, . . . , s //G.
In [Si90] , Simpson proved that this space is analytically isomorphic to the moduli space of flat logarithmic G-connections and homeomorphic to a moduli space of
Higgs bundles with parabolic structures at p 1 , . . . , p s .
Hausel, Letellier and Rodriguez-Villegas ( [HLRV11] ) found formulae for the E-polynomials of the parabolic character varieties for G = GL(n, C) and generic semisimple C 1 , . . . , C s .
In this paper, we consider certain parabolic character varieties for the group G = Sp(2n, C). For a semisimple element ξ belonging to a conjugacy class C ⊆ Sp(2n, C), we define
where C Sp(2n,C) (ξ) is the centralizer of ξ in Sp(2n, C). We assume that ξ satisfies the genericity condition 3.1.1 below; in particular, ξ is a regular semisimple element,
n , the maximally split torus in Sp(2n, C). It turns out that M ξ n is a geometric quotient and all the stabilisers are finite subgroups of µ n 2 , the group of diagonal symplectic involution matrices. Our goal is to compute the E-polynomials of M ξ n for any genus g and dimension n. This is accomplished by arithmetic methods, following the work of Hausel and Rodriguez-Villegas in [HRV08] and Mereb in [Me15] . Our methods depends on the additive property of the E-polynomial, which allows us to compute this polynomial using stratifications (see 2.1.4).
The strategy to compute the E-polynomials of M ξ n is to construct a stratification of M ξ n and proving that each stratum M ξ n,H , with H varying on the set of the subgroups of µ n 2 (see Definition 3.1.12) has polynomial count, i.e., there is a polynomial E n,H (q) ∈ Z[q] such that M ξ n,H (F q ) = E n,H (q) for sufficiently many prime powers q in the sense described in Section 2.2. According to Katz's theorem 2.2.3, the E-polynomial of M ξ n,H agrees with the counting polynomial E n,H . By Theorem 3.2.5 below, one reduces to count
with F q a finite field containing the eigenvalues of ξ. The number of solutions of an equation like 1.0.1 is given by a Frobenius-type formula involving certain values of the irreducible characters χ of Sp(2n, F q ) (see 4.1.1). Thanks to the formula 2.4.2 below for the evaluation of irreducible characters of a finite group of Lie type on a regular semisimple element, the Frobenius formula and Katz's theorem, we are able to compute E n (q), hence the E n,H (q)'s. Adding them up, we eventually obtain the following
Here, H τ (q) are polynomials with integer coefficients (see 2.4.20), C τ are integer constants and the sum is over a well described set (see 2.4.15). It is remarkable that the E-polynomial of M ξ n does not depend on the choice of the generic element ξ. A direct consequence of our calculation and of the fact that M ξ n is equidimensional (see Corollary 3.1.17) is the following Corollary. The E-polynomial of M ξ n is palindromic and monic. In particular, the parabolic character variety M ξ n is connected.
Our formula also implies
See Corollaries 4.3.2, 4.3.5, 4.4.1 and 4.4.2 for details.
For n = 1, the formula looks like:
This result recovers the ones obtained by Logares, Muñoz and Newstead in [LMN13] for small genus g and by Martinez and Muñoz in [MM15] for all possible g.
The present article is organized as follows: In Section 2, we go over the basics of combinatorics and representation theory that are going to be needed. In Section 3, we study the geometry of the parabolic character varieties to be studied. In Section 4, we perform the computation of the E-polynomial of M ξ n and prove the corollaries concerning the topological properties of M [De74] ). Let X be a complex algebraic variety. For each j there is an increasing weight filtration
and a decreasing Hodge filtration
such that the filtration induced by F on the complexification of the graded pieces
of the weight filtration endows every graded piece with a pure Hodge structure of weight l, or equivalently, for every 0 ≤ p ≤ l, we have
This mixed Hodge structure of X respects most operations in cohomology, like
induced by a morphism of varieties f : X → Y , maps induced by field automorphisms σ ∈ Aut(C/Q), the Künneth isomorphism 
(2.1.5)
Form the compactly supported mixed Hodge polynomial :
and the E-polynomial of X:
E(X; x, y) := H c (X; x, y, −1). (2.1.7)
Remark 2.1.3. By definition, we can deduce the following properties of the Epolynomial E(X; x, y) of an algebraic variety X:
• E(X; 1, 1) = χ(X), the Euler characteristic of X.
• The total degree of E(X; x, y) is twice the dimension of X as a complex algebraic variety.
• If X is a smooth algebraic variety, the coefficient of
is the number of the highest dimensional connected components of X.
..,n is a stratification of an algebraic variety X, i.e., a finite partition of X into the locally closed subsets Z i , then
i.e., the E-polynomial is additive under stratifications.
2.2. Spreading out and Katz's theorem. Sometimes, the E-polynomial could be calculated using arithmetic algebraic geometry. The setup is the following.
Definition 2.2.1. Let X be a complex algebraic variety, R a finitely generated Z-algebra, φ : R → C a fixed embedding. We say that a separated scheme X/R is a spreading out of X if its extension of scalars X φ is isomorphic to X.
Definition 2.2.2. Suppose that a complex algebraic variety X has a spreading out X such that for every ring homomorphism ψ : R → F q , the number of points of
. We say that X is a polynomial count variety and that P X is the counting polynomial.
Then we have the following fundamental result:
Theorem 2.2.3. ([HRV08, Katz (2.18)]). Let X be a variety over C. Assume X is polynomial count with counting polynomial P X (t) ∈ Z[t], then the E-polynomial of X is given by E(X; x, y) = P X (xy).
In this case, and more generally, when the E-polynomial only depends on xy, we write E(X; q) := E(X; √ q, √ q).
Remark 2.2.4. By 2.1.3, for a variety X whose E-polynomial is given by P X (q), the Euler characteristic of X is equal to P X (1), while if X is smooth, the leading coefficient of P X (q) is the number of highest dimensional connected components of X.
Remark 2.2.5. Informally, Katz's theorem says that if we can count the number of solutions of the equations defining our variety over F q , and this number turns out to be some universal polynomial evaluated in q, then this polynomial determines the E-polynomial of the variety.
Actually, it is enough for this to be true not necessarily for all finite fields. In fact, one can restrict the computations via a suitable choice of the finitely generated Z-algebra which a spreading out of the variety X is defined over. 
We want a scheme X defined by the same equation over a finitely generated Zalgebra. It is easy to check that |C(F p )| = p − √ −6 is a spreading out for C with polynomial count P C (p) = p − 1. By Katz's result, the E-polynomial of C(C) is E (C; x, y) = xy − 1. This is consistent with the fact that
2.3. The poset of partitions. We collect in this section some notations, concepts and results on partitions of sets that we will need later. The main references are [Kl16] and [St12] . Now, fix π ∈ Π c and let
. On the other hand, since
by Möbius inversion we have
where µ is the Möbius function of the poset Π c ; in other words,
Since 2.3.2 holds for any x ∈ N and since both sides of 2.3.2 are polynomials, it is a polynomial identity. In particular, if we specialize it at x = −1, we obtain
2.4. Representation theory. In this section, we list the facts from representation theory we need. Before doing it, let us fix some notations.
If H is a finite group, we denote by Irr(H) the set of the irreducible characters of the finite dimensional representations of H; the natural inner product , for characters is given by
and we define the dual group of H as H := Hom(H, C × ). When H is abelian,
2.4.1. Deligne-Lusztig characters. In these subsections, we refer to [Ca85] , [Bo91] and [Hu75] for basic definitions and proofs.
Assume that G is a connected reductive linear algebraic group defined over F q , the algebraic closure of a finite field F q of odd characteristic p, F : G → G a Frobenius map, G F the finite group of Lie type of the rational points of G. In particular, G F is a finite group with a split BN -pair at characteristic p. If T is an F -stable maximal torus of G, θ ∈ T F , we denote by R G T (θ) the corresponding Deligne-Lusztig character (see [DL76] ). Recall the following Proposition 2.4.1. ([DL76, Theorem 6.8]). Let T be a F -stable maximal torus of
where
Let s ∈ G F be a regular semisimple element, i.e., an element of G F representable by a semisimple matrix with all distinct eigenvalues via a closed embedding of G into GL n, F q for some n ∈ N, T the unique maximal torus containing s. We have
2.4.2. Principal series representations. Let us consider a maximally split torus T in G, i.e., an F -stable torus contained in a F -stable Borel subgroup B. Then,
Notation: In the following, sometimes we may use the symbol R G T (θ) also to denote both the associated representation and the set of principal series of (T, θ). If
So if χ is an irreducible constituent of R
and the group algebra CS θ . In order to establish it, we need to recall some definitions and results that can be found in [HK80] .
Let Φ be the set of roots of G; for every
be the parameters defined in [HK80, Lemma 2.6]. Define the set
and let W S θ be the group generated by the reflections corresponding to roots in Γ.
Thus, Γ is the root system of the reflection group W S θ . If
then, [HK80, Lemma 2.9], D is an abelian p -group normalizing W S θ and S θ = D W S θ . Moreover, let Σ be the set of simple roots of Γ consisting of roots that are positive in Φ.
Definition 2.4.4. The generic algebra A(u) is the algebra over C[u] with basis {a w | w ∈ S θ } such that, if w ∈ S, d ∈ D and s is the reflection corresponding to the root β ∈ Σ, the following relations hold: 
is separable, and let f * be an extension of f to the integral closure of C [u] . Then the linear map K , and the corresponding character ϕ of W S θ , the generic degree is defined as follows:
where P θ (u) := w∈W S θ u w (θ) is the Poincaré polynomial of the Coxeter group W S θ .
Remark 2.4.11. It is true that
is a monic polynomial and c ϕ ∈ N, both depending on ϕ ([GP00, Corollary 9.3.6]).
The group D, defined in 2.4.4, acts as a group of automorphisms of B(u) K via
Remark 2.4.13. One can show that, if β and ϕ are as in Proposition 2.4.12, then 
Then Proposition 2.4.12 tells us that
2.4.3. Principal series representations of Sp(2n, F q ). Now we deal with the case
relatively to a basis − → B = {e 1 , . . . , e n , e −n , . . . , e −1 }, so in this subsection, G F = Sp(2n, F q ). Let us consider the maximally split torus
n and T F ∼ = Z n q−1 because every θ ∈ T F is characterized (not canonically) by a n-tuple of exponents modulo q − 1. The Weyl group W n is isomorphic to S n µ n 2 , where µ 2 := {1, −1} and S n is the symmetric group, so W n is a Coxeter group of type B n . It turns out that W F n = W n , and that W n acts on T F as follows:
where k i ∈ Z q−1 for i = 1, . . . , n. By this description of the action of W n on T F , we deduce that Proposition 2.4.14. Every W n -orbit in T F can be represented by a character
where λ = (λ 1 ≥ . . . ≥ λ l ) c is a partition of a natural number c ≤ n, |λ|+α 1 +α = n, k i ∈ Q := 1, . . . , q−3 2 and k i = k j for any i, j = 1, . . . , l, and
There is an easy description of S θ for a character θ of the form 2.4.12: in fact, from how W n acts on T F , it is easy to see that
This a Coxeter group of type
. By Proposition 2.4.14, we can take θ of the form 2.4.12.
Definition 2.4.15. If β is the irreducible character of S θ corresponding to χ, define the 4-tuple
as the type of χ. If τ = (λ, α 1 , α , β) and ε is the sign character of S λ,α1,α , define the type dual to τ as τ := (λ, α 1 , α , εβ) (2.4.14)
Notation: We write τ (χ) for the type of a character χ and χ τ to denote a character of a fixed type τ .
Remark 2.4.16. It follows from the definition of type and Proposition 2.4.9 that
, using Frobenius reciprocity and equation 2.4.5, we get
In this case, B
F is the Borel subgroup of upper triangular matrices in G F .
Remark 2.4.17. If χ 1 and χ 2 are irreducible constituents of R G T (θ 1 ) and R G T (θ 2 ) respectively such that τ (χ 1 ) = τ (χ 2 ) = (λ, α 1 , α , β), then by Proposition 2.4.9 we
Proposition 2.4.18. If χ ∈ R G T (θ) with θ of the form 2.4.12, then χ(1) only depends on τ (χ) = (λ, α 1 , α , β). Let us give an explicit description of the root subgroups X α in Sp(2n, F q ) and of the corresponding T α 's: recall that Φ =
Remember that if θ ∈ Irr T F , θ ∼ (m 1 , . . . , m n ) ∈ Z n q−1 and
is an element of T F , then
where we denote with the same symbol the image of λ i via a fixed homomorphism
. . , n. Therefore, it is easy to see that Γ = A ∪ B ∪ C, where
and the claim follows.
Remark 2.4.19. It is easy to see from the definition of W S θ and 2.4.16 that
where P λi , P α1 and P α are Poincaré polynomials of type A λi−1 for i = 1, . . . , l, B α1 and D α respectively.
Remark 2.4.20. Let χ τ be such that τ = (λ, α 1 , α , β) and ϕ one of the (at most two for Remark 2.4.19) irreducible components of Res
with ϕ i ∈ Irr(S λi ) for i = 1, . . . , l, ϕ α1 ∈ Irr(W α1 ) and ϕ α ∈ Irr(S α V α ). It follows from 2.4.8, 2.4.17 and Remark 2.4.10 and 2.4.13 that
(β) and α = 0, and
otherwise. Notice that, in this case, P (q) is a Poincaré polynomial of type B n .
Since χ τ (1) divides |Sp(2n, F q )| as an integer number for any possible value of q, we deduce from Remark 2.4.11 that
Remark 2.4.21. For odd q ≥ 3, since Sp (2n, F q ) is a perfect group, unless n = 1 and q = 3, and Poincaré polynomials of Coxeter groups are always monic, by 2.4.18, 2.4.19, Remark 2.4.11 and by looking at the character table of SL(2,
we have that χ τ (1) does not depend on q if and only if χ τ = 1 Sp(2n,Fq) .
We conclude this section defining the polynomial Remark 2.4.22. Using [Ca85, Lemma 11.3.2] and after some little algebra, one can prove that
In this section, we consider the standard presentation of the symplectic group.
So, if K is an algebraically closed field, n a positive integer, then Consider the following algebraic variety over K:
where µ : Sp(2n, K) 2g → Sp(2n, K) is given by
and ξ = diag(ϕ m1 , . . . , ϕ mn , ϕ −m1 , . . . , ϕ −mn ). If n = 0, we will assume that U ξ n = { }. By Remark 3.1.1, the centralizer of ξ in Sp(2n, K) is the maximal torus
and acts by conjugation on U ξ n : (A 1 , B 1 , . . . , A g , B g ) 
As the determinant of a commutator is 1, the determinant of D h has to be equal to 1 for any h = 1, . . . , k. In particular, det Remark 3.1.13. Since M n is a geometric quotient because of Proposition 3.1.11, it has the quotient topology, hence, by Proposition 3.1.7 and 3.1.6, M Remark 3.1.14. As in 3.1.10, we can realize M Assume that g > 0. It is enough to show that at a solution s = (A 1 , B 1 , . . . , A g , B g ) ∈ Sp(2n, K) 2g of the equation
the derivative of µ on the tangent spaces
(3.1.13) and using 3.1.12, for each of the four terms, we get:
where we define linear maps
We claim that f i and g i take values in T ξ (Sp(2n, K)). We will prove it only for f i , the proof for g i being completely analogous.
What we have to prove is that B = f i (X)ξ −1 is a hamiltonian matrix for every
i . Notice that, since A j and B j are symplectic for every j = 1, . . . , i and X ∈ T Ai (Sp(2n, K)), U and U −1 are symplectic. Moreover, the facts that A is hamiltonian, V and V t are hamiltonian too. Then
that is our claim.
Assume that Z ∈ T ξ (Sp(2n, K)) such that
By 3.1.14, this is equivalent to
. We show by induction on i that this implies that, if Z = ξZ, with Z hamiltonian, C := JZJ −1 commutes with A i and B i . Notice that C is hamiltonian. Assume we have already proved this for j < i and calculate is non singular and equidimensional. Finally, we see that the dimension of (each
proving the second claim. Notation. If Z = diag(ε 1 , . . . , ε n , ε 1 , . . . , ε n ) ∈ µ n 2 , we denote Z by diag 2 (ε 1 , . . . , ε n ).
If Φ ∈ S n , we call Φ the corresponding symplectic permutation matrix too. If This permutation gives rise to the following family of unordered partitions of n:
.
We will prove that these partitions are uniquely determined by the subgroup H. In order to do this, we have to check the following facts about the set a
(1) It does not depend on the choice of the permutation Φ. 
Proof. By induction on k = rk(H). k = 1: In this case, λ(Z 1 ) = Z 1 , and since Z 1 is of the form 3.2.1,
. By the inductive hypothesis,
, and this proves the lemma. 
are the partitions of n determined by λ and µ respectively, then a
, where
It follows that the α i (V i )'s have the form 3.2.1, and by the case k = 1,
and this concludes the proof.
the partitions of n associated to − → B and − → B respectively. Then for any h ∈ [k], there exists a permutation λ h ∈ S 2 h such that b
Proof. First of all, notice that partitions 3.2.2 are uniquely determined by Lemma 3.2.2. Let µ ∈ S n such that µ − → B is of the form 3.2.1. Then the matrices of µ − → B assume the following form:
if l is odd
(λ is the permutation that exchanges pairwise the blocks of size a
It is easy to check that λµ − → B is of the form 3.2.1 and that the desired permutations λ h are the following: 
Proof. First of all, let us give an explicit description of the action of an element in GL(k, Z 2 ) on an ordered basis of H:
It is known that GL(k, Z 2 ) is generated as a group by the matrices of the form
is the (i, i + 1)-th elementary matrix. Then, it is sufficient to prove the lemma only for the change of basis given by these matrices. For simplicity, we will give the proof only in the case where the change of basis is given by I k + E 1,2 , being the proof in the other cases completely analogous.
Therefore, the basis involved are
Let µ ∈ S n such that µ − → B is of the form 3.2.1. Then Let λ ∈ S n such that 
Summaring up, Lemma 3.2.1 together with Lemma 3.2.2 prove 1, Lemma 3.2.3 proves 2 and Lemma 3.2.4 proves 3.
Finally, we are able to prove the following Theorem 3.2.5. Let H be a subgroup of µ n 2 containing Z. There exists a unique set-partition
is uniquely determined up to isomorphism induced by such a ϕ.
Proof of Theorem 3.2.5. Notice that for i ∈ [2 k ], the eigenvalues of Π i (ξ) satisfy 3.1.1 because of Remark 3.1.2, so U 
For any i ∈ [g], it can be easily shown that
where A 
, and λ does not move any element in any of the blocks of size a
where 
It follows that there is an isomorphism between U ξ n,H and
induced by the permutation λΦ.
If we choose a different Φ such that Φ − → B is of the form 3.2.1, then by Lemma
. Therefore, Φ induces the same partition (q) using the following formula due to Frobenius (see [FQ93] , [FS906] or [Med78] ).
Proposition 4.1.1. Let G be a finite group. Given z ∈ G, the number of 2g-tuples
However, our next goal is to compute N ξ n (q). We specialize 4.1.8 to the case where G = Sp(2n, F q ) and z = ξ.
Since ξ is a regular semisimple matrix, the range of the summation in 4.1.8 restricts to the set of the principal series of Sp(2n, F q ) by 2.4.2. By Proposition 2.4.18, we can collect principal series of the same degree according to the type τ , so combining with 2.4.20, we obtain that
Our next task is to compute C τ ; we will find that it is an integer constant. In particular, since the number of all possibile types does not depend on q, this will 1. Using the well known character table of SL(2, F q ) that one can find in [DM91] , after some little algebra we get the quasi polynomial:
This motivates our requirement on q to be equal to 1 modulo 2m.
4.2.
Calculation of C τ . We refer to the notations used in subsection 2.4.3. If τ = (λ, α 1 , α , β), with c := |λ|, l := l(λ), and β ∈ Irr(S λ,α1,α ), then combining Remark 2.4.3 and Proposition 2.4.9 in formula 2.4.2 we have
where θ ∈ T F is of the form 2.4.12. Define, for i = 1, . . . , n and k ∈ Q,
where we denote the complex counterpart of γ in the same way. Then, after some computations, we obtain the following expression for C τ :
where P λ is the set of partitions π = with Q, and define
It is evident that Since ϕ m1 , . . . , ϕ mn satisfy 3.1.1, together with Remark 3.1.2 we deduce that
where λ j = I j and ϕ i 's are primitive k i -th roots of unity with k i > 1, k i |m. Now, 
that is an integer number. Here, m i (λ) = {j | λ j = i}, that is the multiplicity of i in the partition λ, for any possible i. Proof. From the definition 3.1.8 of U ξ n,H it is clear that it can be viewed as a subscheme X H of Sp (2n, R) 2g with R := Z ζ, 1 2m and we can do the same thing for the U i,H as in Remark 3.1.8, calling X i,H the corresponding subscheme over R for i ∈ I. Let ρ : R → C be an embedding, then X H and X i,H are spreading out of U ξ n,H /C and U i,H /C respectively.
For every homomorphism
the image φ(ζ) is a primitive 2m-root of unity in F q , because the identity
guarantees that 1 − ζ i is a unit in R for i = 1, . . . , 2m − 1, and therefore cannot be zero in the image. Hence all of our previous considerations apply to compute
On the other hand, the group scheme T R := C Sp(2n,R) (ξ) acts on X H and the X i,H 's by conjugation, so using Seshadri's extension of geometric invariant theory quotients for schemes (see [Se77] ), we can take the geometric quotient Y H = X H /T R , and we can define the affine scheme
T R over R for all i ∈ I. and an orbit of (T /H)(F q ) and one can easily shows that (T /H)(F q ) acts freely on X H,φ (F q ). Consequently We conclude this section proving the following interesting fact on E M ξ n /C; q . Proof. By Corollary 4.3.2, it is sufficient to prove that E n (q) is palindromic. Since the degree of E n (q) is equal to d n = (2g − 1)n(2n + 1) − n for Remark 2.4.21, this is equivalent to prove that q dn E n q −1 = E ξ n (q).
Then
Now, because of 4.2.8, C τ = C τ , where τ is the type dual to τ as in 2.4.14, so the corollary follows using 2.4.21 in 4.3.3 after some little computations. Proof. When g = 0, M ξ n /C is clearly empty, unless n = 1 when it is a point. Therefore, we can assume g ≥ 1 for the rest of the proof. 
